Resonances and/or singularities during measurement and calibration often limit the precision of acoustic impedance spectra. This paper reviews and compares several established techniques, and describes a technique that incorporates three features that considerably improve precision. The first feature is to minimize problems due to resonances by calibrating the instrument using up to three different acoustic reference impedances that do not themselves exhibit resonances. The second involves using multiple pressure transducers to reduce the effects of measurement singularities. The third involves iteratively tailoring the spectrum of the stimulus signal to control the distribution of errors across the particular measured impedance spectrum. Examples are given of the performance of the technique on simple cylindrical waveguides.
I. INTRODUCTION
The input impedance of any one-dimensional waveguide is defined as the complex ratio of pressure to volume flow at the input. This quantity is used to describe the linear acoustics of automotive mufflers, air-conditioning ducts, and the passive elements of wind instruments and the vocal tract. For a musical instrument, the input impedance usefully displays important characteristics of the instrument in the absence of a player, and indicates how the instrument will respond when excited at any frequency. In this case, high resolution in magnitude and frequency are particularly important. If pressure and volume flow are measured at different points in a system, their ratio gives a transfer impedance, which is particularly useful in characterizing multiport systems.
In this paper, we review the various approaches to measuring acoustic impedance and calibrating impedance heads and propose a general calibration technique for heads with multiple transducers. We consider the effect of transducer errors on impedance measurements and present a technique for distributing any measurement errors over the frequency range. To demonstrate the technique we use an impedance head with three microphones to measure the input impedance of simple cylindrical waveguides. The effects of calibration and optimization on these measurements are presented and discussed.
II. REVIEW OF MEASUREMENT TECHNIQUES
Many techniques for measuring acoustic impedance have been devised. The major techniques are reviewed by Benade and Ibisi 1 and Dalmont. 2 Any two transducers with responses that are linear functions of pressure and flow may be used to construct an impedance head; hence many designs are possible. In Table I , several common techniques are illustrated, along with conditions for singularities. At a singularity, the system of equations governing an impedance head becomes degenerate, and the impedance cannot be determined ͑see Sec. V E͒.
In methods ͑a͒ and ͑b͒ ͑Table I͒, a single pressure transducer ͑microphone͒ is used. In the volume flow source method ͑a͒ the input impedance is proportional to the ratio of the pressure measured with the unknown load to that with a reference load using the same stimulus. An attenuator ensures a source of volume flow, provided the impedance of the attenuator is much greater than that of the unknown load. ͑The effect of a finite source impedance can be reduced, to first order, by subtracting the attenuator admittance from the measured admittance.͒ In ͑b͒, a method known as pulse reflectometry, a pressure pulse is recorded as it travels toward the load, and again as it returns, yielding the impulse response function. This is mainly used for area reconstruction of musical wind instruments 3 and the airway, 4 however the acoustic impedance can be obtained from the impulse response function after a Fourier transform. In methods ͑c͒ to ͑e͒ two similar transducers are used simultaneously. In methods ͑c͒ and ͑e͒, neither transducer measures pressure or flow at the input to the load alone; these are obtained by computations involving the transfer functions of the duct and the transducer properties. If a linear attenuator is present between the two microphones, as in method ͑d͒, the pressure difference between the two microphones is proportional to the flow. Alternatively, a signal approximately proportional to flow may be obtained by measuring the pressure in a fixed cavity at the back of the driver. 5 Impedance heads have also been devised using a pressure transducer and a flow transducer ͑f͒, yielding the impedance with a minimum of computation ͑provided both transducers are close enough to the reference plane͒. Because of the difficulties in measuring flow precisely, these have limited dynamic range and signal-to-noise ratio.
The signal-to-noise ratio and frequency range may both be increased if an array of more than two transducers is used. Such a system with three microphones is shown in method ͑g͒.
III. THEORY OF ACOUSTIC IMPEDANCE MEASUREMENTS
A general impedance head is shown in Fig. 1 . Some source of acoustic energy ͑shown here as a loudspeaker͒ excites the air inside a conduit ͑usually cylindrical͒ and transducers along the conduit measure some signal proportional to pressure and flow. The impedance is measured at some reference plane, to which load impedances may be attached.
The air inside the conduit is excited at frequencies below the cut-on frequency of the first higher mode, which for a cylindrical duct of radius a occurs at f = 1.84c /2a, where c is the speed of sound. 24 Therefore, all modes except the plane wave mode are nonpropagating. If higher modes are excited near the transducers and the reference plane, the measured impedance will be something other than the planewave impedance. The effect of discontinuities at the transducers may be removed by calibration. If a discontinuity exists at the reference plane, nonpropagating modes are excited, introducing errors into the measured plane wave im- pedance. Hence it is preferable that the object under study couple smoothly to the measurement conduit-otherwise multimodal theory can be used to calculate a correction ͑see Sec. V C͒.
It should be noted that in some impedance heads, the source and any transducers are located at or very near the reference plane; the sketch in Fig. 1 should be considered a general case only. However, it is often desirable to separate the source from the transducers, to ensure that the acoustic waves are planar at the transducers, subject to the constraints discussed in Sec. V.
For an impedance head with n transducers ͑n ജ 2͒, the pressure p and flow U at the reference plane are given by the vector x in a matrix equation of the form Ax= b:
where b is a vector of transducer signals and the elements of each matrix are, in general, functions of frequency. In order for the matrix A to be dimensionless, any quantities with units of volume flow are parametrized by the characteristic impedance of the head at the input, Z 0 . Thus x and b both have units of pressure. For ideal transducers positioned a known distance from the reference plane and mounted in a cylindrical duct, the elements of A are given by the transfer matrix for a straight tube. The signal from an ideal pressure transducer with unity gain at position x is given by b pressure ͑x͒ = cosh͑ikx͒p + sinh͑ikx͒Z 0 U ͑2͒ and the signal ͓b flow ͑x͒ϵZ 0 U͑x͔͒ from an ideal flow transducer ͑again at x and with unity gain͒ is given by
where k = / v − i␣ where i = ͱ −1 and v and ␣ ͑the phase velocity and attenuation coefficient͒ are calculated taking into account viscothermal loss ͑see, e.g., Fletcher and Rossing 24 ͒. From these, the matrix A may be built up for any combination of transducers.
Once A is determined, the pressure and flow ͑and hence the impedance͒ for a given measurement b are obtained by solving Eq. ͑1͒. The equation is solved in the normal algebraic sense for n = 2. For n Ͼ 2, there are more equations than are algebraically necessary to determine the pressure and flow. In this case Eq. ͑1͒ is solved using a least-squares method.
Determining A from theory does not take into account perturbation of the wave by the transducers or nonidentical transducer responses and also requires an accurate knowledge of the complex wave number k, which depends significantly on temperature, humidity, and surface roughness. For these reasons, one or more calibrations are often used to determine A.
IV. CALIBRATION OF IMPEDANCE HEADS

A. Review of calibration techniques
An impedance head can be constructed with two or more transducers that respond linearly to changes in pressure and flow. This includes, for example, microphones with nonnegligible compliance and transducers with frequencydependent gain. These are mounted in a waveguide which need not be cylindrical, and the exact positions of each transducer need not be known. Such a system may be calibrated fully by measuring its response to three test loads of known impedance. For a head with two microphones, three complex parameters must be determined, e.g., the gain ratio of the microphones, the admittance of the microphone closest to the unknown load, and the complex wave number for propagation within the waveguide, although other physical quantities such as the distance to each microphone may be used as parameters. Hence the ratios of microphone signals from three known loads are required to fully calibrate the system. If there are more than two microphones, the calibration parameters are overdetermined with three calibration loads, but two is not enough. If some assumptions can be made about the impedance head, then the number of calibrations required is reduced.
Gibiat and Laloë 13 describe a complete calibration routine for the two-microphone method ͓calibration loads ͑a͒ in Table II͔ . They use two stopped pipes of diameter equal to that of the measurement head, and a quasi-infinite impedance ͑a solid stop at the reference plane͒ to determine three calibration functions. The lengths of the two stopped pipes must be chosen carefully so that a range of impedances is encountered at each frequency. For example, if a calibration pipe has a resonance at a frequency of interest, its input impedance at that frequency will be very similar to that of the solid stop, and the calibration functions will have large errors at that frequency. For measurements of acoustic impedance over a wide frequency range, several microphone spacings are needed, each with its own set of calibration loads.
The two-microphone-three-calibration ͑TMTC͒ technique described earlier 13 depends on accurate knowledge of the impedances of the test pipes; this in turn requires accurate knowledge of the complex wave number, a quantity that is strongly dependent on measurement conditions and the surface characteristics of the test pipes. Calibration using resonant pipes explicitly depends on a theory for wall losses. Further, the temperature and humidity must be accurately determined, and the test pipes must be very accurately machined. If an extra calibration is available, then the complex wave number need not be known; this is the approach of van Walstijn et al., 15 who employ the three calibrations of Gibiat and Laloë plus a "negative length" tube, realized by defining the reference plane some distance from the first microphone.
Dalmont 25 presents a calibration technique for impedance heads with a volume flow source, which may also be extended to the two-microphone case 2 ͓calibration loads ͑b͒ in Table II͔ . The method is based on resonance analysis of a long closed tube. The impedance of the tube is measured using the uncalibrated head and the attenuation coefficient and wave number are derived from the measurement. When plotted against frequency these will show periodic oscillations with amplitude proportional to any errors in calibration. The three calibration constants are estimated from these oscillations, and the procedure is repeated until the oscillations are tolerably small. The main advantage of this procedure is that it does not depend on exact knowledge of the complex wave number. The main disadvantage is that it only yields calibration data at each resonance frequency of the calibration tube. These may be interpolated, but the lowest frequency that can be measured is limited by the length of the calibration tube ͑and is around 80 Hz for a 2 m tube-and higher for shorter tubes͒.
B. General calibration technique using up to three resonant-free loads
Here, we calibrate a three-microphone impedance head in a method similar to that used by Gibiat and Laloë. However, to obviate the need to know the complex wave number precisely, we use three loads without any resonances: a quasi-infinite impedance; an almost purely resistive impedance; and a flange ͓calibration loads ͑d͒ in Table II͔ . The resistive impedance is in our case a pipe so long that the reflected wave returns reduced in amplitude by 80 dB or more. For lower frequencies, with loss less than 80 dB, it suffices to deliver the signal in pulses of duration T with T Ͻ 2L / c, where L is the length of the pipe.
The three calibration loads ͑ϱ, ZЈ, and ZЉ͒ are measured and yield the measurement vectors b, bЈ, and bЉ. The measurements are made and the output spectrum optimized ͑see Sec. VI͒ using either a theoretical matrix A derived from Eq. ͑2͒ or one derived from a previous calibration on the same measurement head. We then have the three calibration equations
͑6͒
where the bar represents a reduced impedance ͑Z ϵ Z / Z 0 ͒ and p, pЈ, and pЉ are the pressures at the reference plane during measurement of each of the three calibration loads. Dividing each subsequent row in Eq. ͑4͒ by the first row yields the first column of A,
in terms of A 11 . A 11 can be given any value without affecting impedance measurements; it is usually set equal to cosh͑ikx 1 ͒ ͑equivalent to assuming the first microphone has unity gain and that the measurement duct is cylindrical͒. Taking pairs of rows from Eq. ͑5͒, we may eliminate pЈ and obtain linear equations in the unknowns A j2 . For example, rows 1 and 2 combine to give b 2 Ј͑A 11 + A 12 / ZЈ ͒ = b 1 Ј͑A 21 + A 22 / ZЈ ͒. The elements A j2 are determined by eliminating the pressure ͑pЈ or pЉ͒ from each pair of rows in Eqs. ͑5͒ and ͑6͒ and solving the resulting system. Note that for all n Ͼ 2 the system is overdetermined ͑in the algebraic, noisefree sense͒ and for n = 2 is algebraically equivalent to the TMTC technique of Gibiat and Laloë.
So, e.g., for a head with two microphones, calibrated with three known loads,
The above-outlined calibration technique assumes very little about the geometry of the impedance head and the characteristics of the transducers. If the calibration is complete, then wall losses within the impedance head do not need to be taken into account explicitly. In the multiple microphone technique with cylindrical waveguide and microphones attached at known distances from the reference plane, the calibration parameters may be recast in a more instructive form. If each microphone has an admittance of y j / Z 0 , then the pressure and upstream flow at microphone j are related to those at microphone j − 1 according to
where T is the transfer matrix for a cylindrical pipe
+ are the pressure and flow at the reference plane and d 1 = x 1 . The microphone signals are equal to j p j , where j is the gain of microphone j. Taking Eq. ͑9͒ and a calibrated matrix A, one can determine k, j for j =1, ... ,n and y j for j =1, ... ,n −1 ͑y n , the dimensionless admittance of the microphone closest to the source, cannot be determined͒. For a measurement setup with a combination of pressure and flow transducers, or all flow transducers, the calibration proceeds in much the same way and an equation similar to Eq. ͑9͒ can be constructed.
Sometimes a third calibration is unnecessary or impracticable. In these cases one may precalculate the complex wave number k, using a theory that accounts for viscothermal losses within the waveguide. For a given impedance head, a single set of three calibrations can determine the degree of confidence one may take in this assumption, and the errors involved in making it. The remaining elements of A are then found from Eqs. ͑4͒ and ͑5͒ as described.
If one were confident in making further assumptions about the impedance head, then a single calibration may be used to determine either the microphone gains or admittances. For example, one might assume that y j = 0 for j =1, ... ,n −1 ͑a reasonable assumption for small microphones coupled closely to a large waveguide͒. Then the matrix elements A j1 would be found from a measurement of the quasi-infinite impedance load ͓Eq. ͑7͔͒ and the elements A j2 are given by
Otherwise, we may decide to assume that j = 1 for all j and determine the microphone admittances from the quasiinfinite impedance calibration using Eq. ͑9͒.
C. Choice of calibration loads
The TMTC technique works well for small frequency ranges but depends critically on the theory used to account for wall losses. Larger frequency ranges can be covered by using several microphone spacings and calibration tubes. By using the general technique presented earlier, where the signals from two or more microphones are processed simultaneously, a wide frequency range can be covered without measuring piecewise. The three resonant-free calibration loads used here are sufficient to determine the calibration parameters over the entire frequency range, although the impedance for the flange calibration must be derived from theory. For an impedance head with cylindrical waveguide, and nearly ideal microphones at known distances from the reference plane, one or more of the calibration loads may be omitted. Thus calibrating with the quasi-infinite impedance alone may be sufficient for many applications. If another calibration is required and a resistive impedance load is not available, one or more closed tubes of different length may be used instead. Then ZЈ in Eq. ͑5͒ is the reduced impedance of the closed tube and several such equations should be solved simultaneously if several closed tubes are used ͑to choose resonant tube lengths see Gibiat and Laloë 13 ͒.
V. ERRORS A. Inadequate spectral resolution
Large resonances are usually present in any duct system used to measure acoustic impedance. As discussed by Bodén and Åbom 9 in the context of the two-microphone method, the pressure spectrum at each microphone varies periodically with frequency, due both to changes in the standing wave pattern in the duct as frequency is varied, and to resonances of the total duct system. When this pressure spectrum is estimated with a frequency resolution ⌬f, the period of any variation in the spectrum must be large compared to ⌬f in order to avoid errors associated with resonances in the head and impedance system. For this reason, the microphones should be positioned as close as possible to the impedance to be measured, and the duct length should be kept small. Some acoustic damping between the loudspeaker and the transducers may be used to reduce the amplitude of these duct resonances.
B. Nonlinear transducer responses
Microphone and loudspeaker distortion can both produce errors in a measured impedance. In methods where the impedance is calculated solely from the signals of two or more transducers obtained simultaneously, a distorting loudspeaker will not affect the measurement, as the distortion is present in each transducer signal and is canceled out. In methods using a single transducer and attenuator, loudspeaker distortion will only affect the measurement if it changes with the load ͑possible at impedance extrema͒. Distortion in the transducers will produce errors in the measured impedance. Microphone distortion is always present but is reduced at lower pressures, and the excitation signal may be adjusted to achieve a compromise between random noise and distortion. In this study, the compromise between these two effects was made during calibration on the quasi-infinite impedance by adjusting the output signal level to give microphone signal ratios with minimal contamination from random noise or distortion ͑as measured by the deviation of the signal from a smooth curve on a small frequency scale͒.
C. Diameter mismatch at the reference plane
At any bore discontinuity, nonpropagating modes are evoked. Automotive mufflers usually have several such discontinuities. Most woodwind instruments have such discontinuities ͑for example at tone holes͒, but provided they are located a sufficient distance from the input, they do not influence the measurement of the plane-wave impedance. If, however, a discontinuity is present at the reference plane, the measured impedance will not be the plane-wave impedance of the object but some combination of the elements of the generalized impedance matrix described by Pagneux et al. 26 The difference between the measured impedance and the "true" plane-wave impedance may be determined by multimodal theory and expressed as an error term. Alternatively, if an impedance head is calibrated on pipes with entry diameter equal to the entry diameter of the object under study, higher modes evoked at the reference plane are automatically taken into account. 13 In practice this approach requires many sets of calibration pipes, and it is often easier to apply one of the following corrections.
Van Walstijn et al. 15 discuss the effect of a duct discontinuity in the context of the two-microphone technique, but the results are applicable to any system where the transducers are a sufficient distance from the reference plane to measure only plane waves. They derive an expression for a suitable correction term, providing that all higher modes excited at the reference plane are evanescent and do not couple to any higher modes in other parts of the object.
If a volume flow source is used ͓see method ͑a͒ in Table  I͔ , the attenuator output and microphone will be located at, or very close to, the reference plane. Brass and Locke 27 and Fletcher et al. 28 have derived suitable correction terms for this situation.
An impedance determined by applying the abovementioned corrections will usually be less accurate than one measured with a matching impedance head, as turbulent losses are not taken into account in the multimodal model.
D. Random noise "acoustical or electrical…
Each transducer signal is contaminated by random noise. Whether this is of acoustical or electrical origin is usually unimportant. This noise often has an overall 1 / f n dependence, where 0 Ͻ n Ͻ 1 and the quality of measurements may be improved by increasing the power in the lower frequencies.
E. The "singularity factor"
The sensitivity of any impedance head to errors in the input quantities varies over frequency. In the twomicrophone method, for example, the head becomes "singular" when the microphone spacing is an integral multiple of / 2 and in this vicinity large errors in impedance result from small measurement errors. Conversely, for a microphone spacing of / 4, the head is least sensitive to errors in the measured quantities. This effect is conveniently represented by the function SF ͑for singularity factor͒, defined by Jang and Ih, 23 their Eq. ͑16͒, and derived from the singular value decomposition of the matrix A. ͑Jang and Ih are primarily interested in reflection coefficients, and their matrix A relates the incident and reflected wave forms to the measured pressures. Their expression for SF remains valid when our modified matrix A is used.͒ The singularity factor is useful to compare different impedance heads according to their sensitivity to measurement errors. SF is plotted for four systems in Fig. 2 . Here attenuation is neglected and ideal transducers are assumed. The head in ͑a͒ utilizes a flow transducer and a microphone coupled to the duct at different positions. SF for this setup is smallest at low wave number and has a singularity when the distance between the transducers is equal to a quarter wavelength. In order to reduce error, the transducers should be as close as practicable to each other. However they are often separated by some distance, and the effect of this on the error in Z should not be neglected. Also, if the trans- ducers deviate at all from ideality, they may be considered as ideal transducers separated by a certain effective "distance" ͑which may be complex and frequency dependent͒, 25 and two such transducers may exhibit behavior as depicted in Fig. 2͑a͒ even if physically located at the same position.
In Figs. 2͑b͒ and 2͑d͒ SF is shown for heads comprising two and three microphones, respectively. These functions are singular at k = 0 and when the smallest microphone separation is equal to / 2. Addition of the third microphone reduces SF over the entire frequency range and widens the range over which the method may be used. In Fig. 2͑c͒ SF is shown for two microphones and a flow transducer; not surprisingly the function is lower than that for either Fig. 2͑a͒ or 2͑b͒ in isolation.
F. Calculating the error in Z
Following Jang and Ih, 23 we may write the measured signals b as the sum of the ͑hypothetical͒ real values, b, and the measurement errors m:
The errors in x may then be written in terms of the measurement errors:
where A + is the generalized ͑Moore-Penrose͒ inverse of A. If we right-multiply the error in x by its complex conjugate transpose ͑denoted here by a superscript H͒, the expectation value of the resulting matrix is given by
͑13͒
where V = E͓mm H ͔ is the covariance matrix. If each transducer signal is contaminated by uncorrelated noise of variance j 2 , where j can in general be a function of frequency, then V is a diagonal matrix with the j 2 s on the diagonal. The errors in p and U, ⌬p and ⌬U are given by the diagonal elements of the matrix in Eq. ͑13͒:
and the error ⌬Z in the impedance Z is obtained by propagation of errors:
The Pythagorean sum used in Eq. ͑16͒ is only strictly correct if the errors in p and U are independent. While this is not true in general, the equation will be approximately correct at impedance maxima and minima, where either ͉⌬p / p ͉ ӷ ͉⌬U / U͉ or ͉⌬U / U ͉ ӷ ͉⌬p / p͉. At intermediate values of impedance, where ͉⌬p / p ͉ Ϸ͉⌬U / U͉, Eq. ͑16͒ will overestimate the error. Since in this work we are mostly interested in impedance maxima and minima, use of Eq. ͑16͒ to estimate the error will lead only to a more conservative redistribution of power. The variance of the measurement errors may be estimated from experiment or simply assumed equal for each microphone, with possibly an f −0.5 dependence if the noise is of mostly acoustical origin. In this study the sound source was excited with repeated cycles of a periodic signal ͑see Sec. VI͒ and the microphone signals were synchronously acquired in blocks corresponding to one cycle of the excitation signal. Spectra were computed for each block and averaged to reduce noise. The standard deviation in these spectra was used to fit j for each microphone as an exponential function of frequency. The j s thus obtained were used to calculate the covariance matrix and the error in Z ͓Eqs. ͑14͒-͑16͔͒.
VI. OPTIMIZATION OF THE OUTPUT SIGNAL
To measure an impedance spectrum, an output signal covering all frequencies in the range is required. Some authors use a swept-sinusoid 2 as the output signal. However, this takes much longer than using a signal with all of the frequency components present, such as white noise or chirps. In the present work, a signal is generated as a sum of components of all sampled frequencies. This signal is applied to the loudspeaker and the impedance and error are calculated.
Initially, the wave is synthesized numerically from components of equal amplitude. To improve the signal-to-noise ratio, the relative phases are adjusted so as to reduce the ratio of the maximum of the sum of sinusoids to the amplitude of each sinusoid, as described by Smith. 29 A wave with a flat power spectrum at the computer does not result in the acoustical wave produced at the reference plane having a flat spectrum, however, because the amplifiers, loudspeaker, and connecting conduit all have frequency-dependent responses. These responses could be removed by calculating the power function and multiplying the output spectrum by its inverse ͑such an approach is used by Wolfe et al. 6 ͒. A flat acoustical spectrum does not, however, produce a flat noise response, because a given head has greater sensitivity to noise at some frequencies than at others. This can be compensated for by multiplying the output spectrum by the correction factor
͑where w is a weighting factor that may be varied to give preference to impedance maxima or minima͒ and using the resulting wave form in a second impedance measurement. If there are significant nonlinearities in the loudspeaker system, this procedure may be repeated until C 1 ͑f͒ is tolerably flat, but this is usually unnecessary.
VII. MATERIALS AND METHODS
A. The impedance spectrometer
For the experiments described in this paper the impedance spectrometer is configured as shown in Fig. 3 . The signal is synthesized on a computer ͑Macintosh G4͒ and output via a nominal 24 bit DAC ͑MOTU 828͒ to a power amplifier and midrange speaker. A truncated cone helps match the speaker to the measurement head. The impedance spectra are measured between 120 Hz and 4 kHz ͑a range that encompasses the fundamental frequency of all of the notes of many wind instruments, such as the clarinet and flute, and includes their cutoff frequency͒. It is easy to extend the frequency range of this technique to other instruments, e.g., the didjeridu. 30 A brass measurement head was used with an inner diameter of 15.0 mm and with a 6 mm wall thickness. The brass construction and relatively massive design serve to lessen mechanical conduction of sound and reduce any temperature fluctuations as the head is handled during an experiment.
Three 1 / 4-in. condenser microphones ͑Brüel & Kjaer 4944 A͒ are mounted in the impedance head, perpendicular to the cylindrical axis. A 1 mm hole couples each microphone to the waveguide. The compliance of these microphones ͑equivalent to an air volume of 0.25 mm 3 at 250 Hz͒ is negligible compared to that of the volume of air between the microphone and coupling hole, which together with the mass of air in the coupling hole forms a Helmholtz resonator with a natural frequency of 6.8 kHz. The coupling hole should be small enough so that the pressure wave is sampled over a distance small compared to its wavelength, and ͑for measurements using fewer than three calibrations͒ so that the impedance head is cylindrical, to a good approximation. On the other hand, it should be large enough so that the Helmholtz frequency of the microphone and coupling is much higher than the highest measured frequency. The chosen size of 1 mm represents a compromise between these competing considerations. The three microphones are mounted at 10, 50, and 250 mm from the reference plane. With the microphones positioned thus, a singularity occurs at = 80 mm, which for c = 345 m s −1 corresponds to a frequency of 4.3 kHz ͑outside the frequency range of interest͒.
The signals from each microphone are preamplified and adjusted for calibrated gain by a Brüel & Kjaer Nexus conditioning amplifier ͑2693-0S4͒ and digitized and recorded by the MOTU interface and the AUDIODESK software package. Wave forms are sampled at 44.1 kHz throughout and the output wave form is synthesized at 2 14 points ͑giving a frequency resolution of 2.7 Hz͒. To improve the signal-to-noise ratio the output is cycled repeatedly ͑100 cycles are typical, resulting in a total measurement time of 37 s͒ and the recorded signals are averaged. Fourier transforms are performed on the averaged data using the built-in functions in MATLAB.
B. Calibration loads
The calibration loads ͑d͒ in Table II were used-a quasiinfinite impedance ͑brass plate͒, an almost purely resistive impedance ͑very long pipe͒, and a quasi-infinite flange.
As pointed out by Dalmont, 25 in most applications it is sufficient to assume that the admittance of a rigid wall is equal to zero ͑infinite impedance͒. Dalmont gives Z 0 Y rigid = 9.6ϫ 10 −6 ͱ f͑1+i͒ for the reduced admittance of a rigid wall at 20°C. For a tube of radius 10 mm at 100 Hz, the imaginary part of this admittance corresponds to a length correction of 0.05 mm and the real part to viscothermal dissipation on a length of 3 mm.
The almost purely resistive impedance is a straight PVC pipe of length 97 m and 15 mm internal diameter. The pipe is capped at its far end and filled with a small length ͑ap-proximately 100 mm͒ of acoustically absorbing wool. If one assumes a fully reflective termination, i.e., neglecting the low reflection termination, at 120 Hz the reflected wave returns with a loss of at least 76 dB. 24 The actual loss at 120 Hz will be greater than this lower-bound due to absorption by the acoustic wool. The loss will also increase at higher frequencies due to viscothermal effects. Thus if there were equal power at each of the approximately 1400 frequencies, each reflected component would lie below the effective resolution of the ADC ͑ϳ105 dB͒.
The quasi-infinite flange is a square perspex plate of side 600 mm in the center of which is a hole for mounting on the measurement head ͑for the end effect of a square flange see Dalmont et al. 31 ͒. Over the frequency range of interest the impedance of a flange is lower than that of the resistive impedance load and so these three loads give complementary information. Preliminary experiments have shown that the inclusion of the third load changes the calibration very little, thereby justifying the assumptions made about propagation in the waveguide, and so it was omitted for most measurements.
VIII. RESULTS AND DISCUSSION
A. Effect of optimizing the output signal
As discussed earlier, equal distribution of energy among frequencies does not result in equal distribution of errors in the measurements, and the size of the largest error can be substantially reduced by adjusting the output spectrum for particular circumstances and loads. Figure 4 shows the magnitude of and ͑absolute͒ fractional error in the measured impedance for three sequential impedance measurements. The error was calculated using Eqs. ͑14͒-͑16͒. In Fig. 4͑a͒ , the impedance Z of the resistive impedance load is measured with a nonideal source. The measured impedance spectrum is not completely flat since this measurement was performed before calibration. The error function ⌬Z / Z in Fig. 4͑a͒ has broad features corresponding primarily to loudspeaker and conduit resonances. The output spectrum is multiplied by the error function in Fig.  4͑a͒ and used to measure an open pipe ͓Fig. 4͑b͔͒. The output spectrum is again multiplied by the error function and the pipe is measured a second time. The error in the resulting measurement ͓Fig. 4͑c͔͒ is uniformly distributed over fre- FIG. 3 . The experimental setup. Calibration used two or three resonant-free calibration loads ͓see calibration loads ͑d͒ in Table II͔. quency. The errors shown in Figs. 4͑b͒ and 4͑c͒ have been divided by a factor of 10 ͑the signal amplitude was deliberately kept smaller than optimum to increase the apparent errors͒.
It is worth noting that in the uncorrected measurement ͑b͒ very high or very low impedances are measured with a greater error than are impedances close to Z 0 . This is unfortunate in the case of musical instruments where we are particularly interested in impedance maxima and/or minima. On subsequent iterations, more power is put into these frequencies and the error is thereby reduced. As can be seen in Fig.  4͑c͒ , the error increases for impedances close to Z 0 ͑the error is also more apparent here since the slope of the curve is not as steep as at impedance extrema͒. However, the maximum error over the entire spectrum is reduced by a factor of approximately 10 through this optimization procedure.
Also shown in Fig. 4 is the sound pressure spectrum measured by the microphone closest to the reference plane for each measurement. This is relatively uniform over frequency for the measurement of the resistive impedance and has minima corresponding to nodes of the standing wave for measurements of the 200 mm closed pipe.
The choice of the exponent w in C 1 ͑f͒ ͓Eq. ͑17͔͒ determines which part of the spectrum will be measured with the greatest precision. For w = 1, the fractional error will be constant for all impedances. For w Ͼ 1, the impedance minima will be determined with greater precision, and for w Ͻ 1 the impedance maxima will be given preference. The case where w Ͼ 1 is particularly useful for measuring the impedance of instruments in the flute family, which play near impedance minima, whereas w Ͻ 1 is useful for reed and lip valve instruments such as the clarinet which play near impedance maxima.
In some cases ͑such as when measuring calibration loads͒ it is not desirable to use the function C 1 ͑f͒ to modify the output spectrum, but we may still like to compensate for the system responses and the singularity factor of the head. In these cases, we modify the output spectrum to ensure that the acoustic energy density at the reference plane is the same as it would be during a ͑hypothetical͒ measurement of Z 0 with ⌬Z / Z = K where K is independent of frequency. The acoustic energy density at the reference plane during a measurement of an impedance Z is proportional to ⑀ = ͉͑p͉ 2 + ͉Z 0 U͉ 2 ͒ / 2. For a measurement of Z 0 ,
where Eq. ͑16͒ was used for K with the substitution p = Z 0 U. The correction factor C 2 ͑f͒ used to modify the output spectrum will be proportional to the square root of the energy ratio ⑀ 0 / ⑀. We use
where the factor K has no effect on the output wave form ͑being independent of frequency͒ but is used to ensure that Figure 5 illustrates the effects of calibrating with varying numbers of known calibration loads. Measured impedance spectra are shown for a closed 15 mm pipe, 200 mm long. To simulate the effect of using unmatched microphones, in Figs. 5͑a͒ and 5͑b͒ the signals from the second and third microphones were scaled by 1.2 and 0.8, respectively. The measured impedance spectrum before calibration ͑i.e., assuming unity gain for each microphone͒ is shown in Fig. 5͑a͒ , while in Fig. 5͑b͒ the impedance after calibrating on the quasi-infinite impedance load ͓using Eqs. ͑7͒ and ͑10͔͒. The precalibration measurement deviates significantly from the theoretical impedance, while calibrating with only one load ͑b͒ improves the accuracy significantly. In Fig. 5͑c͒ the measured impedance spectrum using the matched microphone signals is shown before and after calibration with two known loads. While the two spectra are similar in many respects, the size and frequency of extrema ͑particularly maxima͒ are significantly different. For this measurement, adding the flange calibration made very little difference. The measurement made without using the two calibration loads shows similar features to those of the precise measurement over most of the range, but has noticeable errors in the magnitude of extrema ͑particularly maxima͒ and smaller errors in the frequencies at which they occur. In Fig.  5͑d͒ the measurement on the 200 mm closed pipe using two calibration loads is compared with the theoretical impedance and the fractional difference between these two measurements is shown in Fig. 5͑e͒ . The peaks in this difference function at impedance extrema are likely due to slightly greater attenuation in the measured impedance than is predicted by the theory for viscothermal losses at walls that are ideally smooth.
B. Effect of calibration
C. Conclusions and practical considerations for measurement
The combination of three microphones, three nonresonant calibrations, and spectral shaping can give precise measurements over a wide range of frequencies and impedance. It has the added advantage that no assumptions need be made about the microphone characteristics or about the exact geometry of the impedance head. Furthermore, there is no need to invoke a theoretical model for waveguide losses.
In many practical measurement situations, however, the reduced performance of a simpler combination might still be appropriate.
Thus two microphones, rather than three, would often be sufficient for a smaller frequency range ͑perhaps 2-3 octaves, depending upon the precision required͒.
In many practical cases, fewer than three nonresonant calibrations might be sufficient, albeit with some loss in performance. Thus if a well-defined cylindrical impedance head is used, and if the perturbations of the cylinder by the microphones are sufficiently small, it is possible to remove one calibration ͑this is a consequence of the good theoretical model available for a cylindrical waveguide͒. It is also possible to remove one calibration if the characteristics of the microphones are already known with a high degree of precision.
The redistribution of power in the source function ͑spec-tral shaping͒ can improve the signal-to-noise ratio at extrema by a factor of 10 or more. Whether or not this feature is needed depends on the size of errors that may be tolerated in the measurements. Further, this feature would be less important if the unknown impedance has no strong resonances. In ͑a͒ and ͑b͒ the signals from microphones 2 and 3 were multiplied by 1.2 and 0.8, respectively, to deliberately introduce errors. The impedance was measured before calibration ͑a͒ and after calibrating using one known load ͑b͒. In ͑c͒ the impedance is given for matched microphones before ͑grey, solid line͒ and after ͑black, dotted line͒ calibration with two known loads, and in ͑d͒ the calibrated measurement from ͑c͒ ͑black, dotted line͒ is compared with the theoretical impedance for an ideal tube ͑grey, solid line͒. The fractional difference between this theory and the measurement is shown in ͑e͒.
